The quasi-negative-binomial distribution was applied to queuing theory for determining the distribution of total number of customers served before the queue vanishes under certain assumptions. Some structural properties (probability generating function, convolution, mode and recurrence relation) for the moments of quasi-negative-binomial distribution are discussed. The distribution's characterization and its relation with other distributions were investigated. A computer program was developed using R to obtain ML estimates and the distribution was fitted to some observed sets of data to test its goodness of fit.
Introduction
The classical negative binomial distribution has become increasingly popular as a more flexible alternative to the Poisson distribution, especially in cases when it is doubtful whether the strict independence requirements for a Poisson distribution will be satisfied. In a classical negative binomial distribution the probability of success from trial to trial is assumed to be constant, but this assumption holds true only in the case of chance mechanism and is not realistic for many practical situations. Most living beings use past experiences (successes or failures) and wisdom to help determine future strategies to achieve goals, thus, the probability of success or failure does not remain constant. It is generally felt that the probability of a success Anwar Hassan is a Post Graduate in the Department of Statistics. Research interests: Probability and Lagrangian Probability distributions and Statistical Inference. E-mail: anwar.hassan2007@gmail.com. Sheikh Bilal Ahmad is in the Department of Statistics. Research interests: Probability distributions and Statistical
Inference. E-mail: sbilal_sbilal@yahoo.com. depends on the number of previous failures, and the quasi-negative-binomial distribution, as well as other distributions, takes this fact into consideration.
Much work has been done on the quasibinomial distribution, but little has been done on quasi-negative-binomial distribution. The quasinegative-binomial distribution has been obtained in different forms by Janardan (1975) , Nandi & Das (1994) , and Sen & Jain (1996) , but has not to date been studied in detail. This article examines various aspects of this distribution. The distribution of the number of customers served in the queuing theory under certain assumptions, which gives rise to a quasinegative-binomial distribution, was derived. It is also shown that the quasi-negative-binomial distribution belongs to a family of Abel series distributions. Some structural properties of the distribution are discussed, along with its relation with some other important distributions, and a characterization of the distribution is provided. A computer program written in R was developed to obtain ML estimates and the distribution was fitted to a number of data sets to show its superiority over other distributions.
Methodology
Quasi-negative-binomial distribution (QNBD) In the theory of queuing, suppose there exists a single queue beginning with r customers. Haight & Brever (1960) showed that, if it is first assumed that the random arrival time of a customer is at a constant rate ( λ ), and a constant amount of time is devoted to serving each customer ( β ), then the probability distribution of the total number of customers served before the queue vanishes is: This is known as the Borel-Tanner distribution and it gives the probability of a customer arriving during the period ) ,
, by assuming λ is constant, where ) ( 0 t Δ is the probability of two or more customers arriving in this period. This assumption, however, is not realistic. The random arrival time of customers is not at a constant rate, it varies from interval to interval of equal length. In order to make the formula more flexible it is allowed to vary in different intervals of equal length with a constant amount of time ( β ) spent serving each customer. Thus gives the probability distribution of total number of customers served before the queue vanishes as:
where expectation is to be taken over λ . Suppose that the distribution of λ is a gamma variate with parameters (a, b), then the above equation becomes: 
, that is, starting with an idle queue the probability distribution becomes: . The distribution represented by (2.4) is a quasi-negative-binomial distribution (QNBD). Hence, the distribution of the total number of customers served before the queue vanishes, assuming a start with an idle queue wherein the random arrival time of customers follows a gamma distribution and the time occupied in serving each customer is constant, is a QNBD. . This is the method employed to obtain the probability generating function of the proposed model (2.4).
The Abel series distribution and QNBD. Charalambides (1990) 
and, using (3.1), gives Some of the structural properties that describe the nature of the quasi-negativebinomial distribution were studied. These properties are described as follows: The sum of the probabilities of the QNBD equals unity, therefore from (3.2) the following results: 
Using the result (4.2) in the above gives: 
Unimodality
The QNBD is unimodal according to the Lemma: if the mixing distribution is nonnegative, continuous, and unimodal then the resulting distribution is unimodal. (Holgate, 1970) Thus, the proposed model is unimodal since the mixing distribution is the gamma distribution, which is unimodal. 
In general, the ratio of any two successive probabilities of QNBD (2.4) is: 
( 1 
Thus, (4.8) can be written as: Probability generating function Consul & Shenton (1972 , 1974 showed that the derivation of the probability generating function (PGF) of a generalized Poisson variate is not straightforward and is based on the power series expansion of a function in terms of another variable (see GPD by Consul-1989 , and using a theorem by Feller (1943) , the PGF of a QNBD is: 
( 1, ) 
The second moment about the origin is determined from (4.10) as:
Repeated use of (4.12) on the function 2 μ ′ gives: (
Substituting the value from (5.3) into (5.2) and taking limit 0 → a the quasi-logarithmic series distribution is obtained:
1, 2,... :
: : 
(1 show that X approaches to quasi-negativebinomial variate.
Proof:
If X is a quasi-inverse Polya variate with parameters (n, a, b, t), then its probability mass function is: : 0 : :1 : ( (0) ( ) (1) ( 1)
(1 ( 1) ) (1 )
Goodness of Fit
Due to its complicated likelihood function, the maximum likelihood estimate of the parameters of the proposed distribution are not straightforward and require some iterative procedure such as Fisher's scoring method or the Newton-Rampson method for their solution. Rsoftware provides one such solution. In Rsoftware there exists the function nlm, which minimizes the negative log-likelihood function or equivalently maximizes the log likelihood function for estimating the parameters of the distribution by adopting the Newton-Rampson iterative procedure. A random start procedure is employed, that is, for a set of random starting points, the function nlm searches recursively until global maxima is reached. To verify that the global maximum has been found the gradient should be equal to zero. The closer the value of the random starting points to the ML estimate, the lesser number of iterations will be required to obtain the global maximum.
Two data sets examine the fitting of the proposed model and compare it with the negative binomial distribution and generalized negative binomial distribution defined by Jain & Consul (1971) . A computer program was developed using R-software to estimate the parameters of the distribution by using the nlm function. The ML estimates of the parameters so obtained are shown at the bottom of the tables. It is evident from tables 4.1 and 4.2 that, in all cases, the Chi-square values of the proposed model give the best fit as compared to other distributions. 
